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A new market model in the large volatility case
YUKIO HIRASHITA
Abstract
We will compare three types of prices, namely, rational (hedging) prices, geometric
(growth rate) prices, and martingale (measure) prices. We will show that rational
prices in the complete market theory are sometimes contrary to common sense. In
the continuous-time case, we insist that the market model should differ between
the small volatility case (σ2/2 ≤ r) and the large volatility case (r < σ2/2).
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1. Rational prices
Consider a complete market (single-step Cox-Ross-Rubinstein) model in which
the riskless asset is B0 → B1 = B0(1 + r),
the risky asset is S0 → S1 =
{
S0(1 + b) · · · p
S0(1 + a) · · · q = 1− p ,
where −1 < a < r < b with probability P{a} = q > 0 and P{b} = p > 0 (see
Shiryaev [9], page 408). In the complete market theory, the values of five parameters
{r, a, b, p, S0} can be independently provided under the above conditions. We will
insist that S0 must be determined by {r, a, b, p}.
We consider the contingent claim f = S1. The rational price of f is S0 because
of the hedging portfolio (0, 1). Here, the portfolio (α, β) implies investment αB0+
βS0. Moreover, the rational price of the contingent claim g = S0(1 + b) is S0(1 +
b)/(1 + r) because of the hedging portfolio (S0(1 + b)/(B0(1 + r)), 0).
It is easy to see that if q = 1/n, then E(|f−g|2) = S20(b−a)2/n and limn→∞ f =
g (a.e.).
For example, if B0 = 1, S0 = 1, a = 0.1 < r = 0.2 < b = 11, and q = 0.01, then
the rational price of f =
{
12 · · · p = 0.99
1.1 · · · q = 0.01 is 1,
the rational price of g =
{
12 · · · p = 0.99
12 · · · q = 0.01 is 10.
The coexistence of these prices is contrary to common sense. Moreover,
the rational price of
{
108 · · · p = 0.99
−1 · · · q = 0.01 is 0,
because of the hedging portfolio (−10, 10). This is again contrary to common
sense. It is worth noting that a contingent claim is not necessarily nonnegative, as
is shown in Øksendal [5], Section 12.2.
1
22. Geometric prices
We introduce the geometric price of a contingent as follows.
Definition 2.1. The geometric price u of a contingent claim with return h(x)
and distribution F (x) is given by the equation
sup
0≤z≤1
z≤ess infx h(x) z/u+1
exp
(∫
log (h(x) z/u− z + 1) dF (x)
)
= 1 + r,
under certain auxiliary conditions (see Hirashita [3]).
Theorem 2.2. Suppose E := αp + βq > 0, 0 ≤ p ≤ 1 and r > 0, then the
geometric price u of
{
α · · · p
β · · · q = 1− p is u = α
pβq/(1 + r) (the discounted
price of the geometric mean) and the optimal proportion of investment z = 1, if
α > 0, β > 0 and αpβq/(1+r) ≤ 1/(p/α+q/β). Otherwise, u and z are determined
from the system of equations

(
E−α
u−α
)q (
E−β
u−β
)p
= 1 + r,
z = (E−u)u(α−u)(u−β) .
However, if αβ < 0 and (1−E/α)q(1−E/β)p ≤ 1+ r, then, as r is too large, the
above equations have no solution.
Proof. In the case where the optimal proportion of investment z < 1 exists,
Definition 2.1 reduces to the system

(
αz
u − z + 1
)p (βz
u − z + 1
)q
= 1 + r,
p
(
α
u − 1
) (
βz
u − z + 1
)
+ q
(
β
u − 1
) (
αz
u − z + 1
)
= 0,
0 < αzu − z + 1,
0 < βzu − z + 1,
which leads to the conclusion. 
Corollary 2.3. Consider the special case of Theorem 2.2, where p = q =
1/2 and α > β ≥ 0. If E ≤ (1 + r)√αβ, then u = √αβ/(1 + r) and z = 1.
Otherwise, u = κα + (1 − κ)β and z = (E −u) u/((α − u) (u − β)), where κ
= (1−
√
1− 1/(1 + r)2)/2.
For example, if B0 = 1, S0 = 1, a = 0.1 < r = 0.2 < b = 11, and q = 0.01, then
the geometric price of f =
{
12 · · · p = 0.99
1.1 · · · q = 0.01 is 9.764,
because of
120.991.10.01
1.2
.
= 9.764 <
1
0.99
12 +
0.01
1.1
.
= 10.918.
Moreover, we obtain that
the geometric price of
{
108 · · · p = 0.99
−1 · · · q = 0.01 is 86.079
3from the equation (
106.91− 108
u− 108
)0.01(
106.91 + 1
u+ 1
)0.99
= 1.2,
where E = 108×0.99+(−1)×0.01 = 106.91 and (1−106.91/108)0.01(1+106.91)0.99
.
= 98.349 > 1.2.
3. Martingale prices
The martingale measure (which is independent of the original probability p) of the
risky asset S1 is given by
S∗1 =
{
S0(1 + b) · · · p∗ = (r − a)/(b− a),
S0(1 + a) · · · q∗ = (b − r)/(b − a).
The martingale price (αp+βq)/(1+r) of
{
α · · · p
β · · · q = 1− p is obtained based
on the assumption that the original measure is the martingale measure when α 6= β,
that is, α = S′0(1+b
′), β = S′0(1+a
′), p = (r−a′) /(b′−a′), and q = (b′−r)/(b′−a′).
For example, if r = 0.2, then
the martingale price of
{
12 · · · p = 0.99
1.1 · · · q = 0.01 is 9.909,
which is similar to the geometric price of 9.764.
As the martingale price (αp+ βq)/(1 + r), which is the discounted price of the
expectation with respect to the original measure, is independent of the variance,
the following contingent claims have the same martingale price of 50.{
60 · · · p = 0.5
60 · · · q = 0.5 ,
{
119 · · · p = 0.5
1 · · · q = 0.5 ,
{
120 · · · p = 0.5
0 · · · q = 0.5 ,
{
160 · · · p = 0.5
−40 · · · q = 0.5 .
Most investors will pay 50 for the claim
{
60 · · · p = 0.5
60 · · · q = 0.5 , however, many
investors will not pay 50 for the claim
{
119 · · · p = 0.5
1 · · · q = 0.5 . These tendencies
need not be explained by the risk-aversion mind-set, because the geometric prices
of the above four contingent claims are 50, 27.387, 26.834, and 4.723, respectively.
4. Discussion
The history of the debate between the growth rate criterion and expected utility
is found in Christensen [2]. Samuelson [8] insists that “Pascal will always put all
his wealth into the risky gamble”
{
2.7 · · · p = 0.5
0.3 · · · q = 0.5 with price 1, “according
to the max EXT criterion.” With the given price u = 1, the growth rate function
(see Definition 2.1)
exp
(∫
log (h(x) z/u− z + 1) dF (x)
)
=
(
2.7z
1
− z + 1
)0.5(
0.3z
1
− z + 1
)0.5
attains its maximum 12/
√
119
.
= 1.100 at the proportion of investment z = 50/119
.
=
0.420. Therefore, we insist that Pascal will always put 42% of his wealth into the
4risky gamble
{
2.7 · · · p = 0.5
0.3 · · · q = 0.5 with price 1. Therefore, we suspect Samuelson’s
assertion that “To maximize the geometric mean, one must stick only to cash.”
5. In the continuous-time case
The Black-Merton-Scholes model is given by
the riskless asset is Bt = B0e
rt (t ≥ 0),
the risky asset is St = S0e
(µ−σ2/2)t+σWt (t ≥ 0),
where W = (Wt)t≥0 is a Brownian motion (see Shiryaev [9], page 739).
(1) If the original measure is the martingale measure, then µ = r (see Shiryaev
[9], page 765) and (St/Bt)t≥0 is a martingale. In this case, we have St = S0e(r−σ
2/2)t+σWt ,
E(St) = S0e
rt, and V (St)/E(St)
2 = eσ
2t − 1. Let Gt = e−σ2t/2+σWt , then (Gt)t≥0
is a martingale with E(Gt) = 1 and V (Gt) = e
σ2t − 1. The martingale price of the
riskless asset S0e
rt is S0, and the martingale price of the risky asset St = S0e
rt×Gt
is also S0, irrespective of the size of volatility σ. This is contrary to common sense.
(2) If (log(St/Bt))t≥0 is a martingale, then µ = r + σ2/2 and vice versa. In
this case, we have
St = S0e
rt+σWt ,
E(St) = S0e
(r+σ2/2)t, and V (St)/E(St)
2 = eσ
2t−1. The condition that the optimal
proportion of investment is equal to 1 is given by∫
1
h(x)
dF (x) exp
(∫
log h(x)dF (x)
)
=
1√
2pit
∫ ∞
−∞
1
S0ert+σx
e−x
2/(2t)dx exp
(
1√
2pit
∫ ∞
−∞
(logS0 + rt+ σx) e
−x2/(2t)dx
)
≤ ert,
which is equivalent to σ2/2 ≤ r (see Hirashita [3], Lemma 4.17, Corollary 5.3, and
Section 6). Therefore, the assumptions µ = r + σ2/2 and σ2/2 ≤ r (the small
volatility case) deduce that the geometric price
exp
(∫
log h(x)dF (x)
)
er
=
exp
(
1√
2pit
∫∞
−∞ (logS0 + rt+ σx) e
−x2/(2t)dx
)
ert
= S0
of St at the start time 0 is independent of t.
(3) We consider a market model where r < σ2/2 (the large volatility case). For
example, if r = 0.04 and σ = 0.4, then the geometric prices of
St = S0e
(r−0.00616)t+σWt
(0 ≤ t ≤ 2) at the start time 0 are approximately constant S0 or, more specifically,
included in the interval [S0, 1.00033S0). This can be shown by applying the
two-dimensional Newton-Raphson method to the system of equations (cf. Definition
2.1, 1 + r → ert){
1√
2pit
∫∞
−∞ log
(
e(r−0.00616)t+σxz/u− z + 1) e−x2/(2t)dx = rt,∫∞
−∞
e(r−0.00616)t+σx−u
e(r−0.00616)t+σxz−uz+ue
−x2/(2t)dx = 0.
5It is worth noting that the volatility of stocks is typically in the interval 0.2 ≤
σ ≤ 0.5 (Hull [5], page 238). For example, if σ ≤ 0.5 and r ≥ 0.01, then there exits
c = c(σ, r) ≥ 0 such that the geometric prices of St = S0e(r−c)t+σWt (0 ≤ t ≤ 1) at
the start time 0 are included in the interval [S0, 1.0052S0).
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